Note on a theorem of Professor X.

Levent Alpoge

Abstract.

Between his arrival in Frankfurt in 1922 and and his proof of his famous
finiteness theorem for integral points in 1929, Siegel had no publications.
He did, however, write a letter to Mordell in 1926 in which he explained a
proof of the finiteness of integral points on hyperelliptic curves. Recogniz-
ing the importance of this argument (and Siegel’s views on publication),
Mordell sent the relevant extract to be published under the pseudonym
"X

The purpose of this note is to explain how to optimize Siegel’s 1926
technique to obtain the following bound. Let K be a number field, S a finite
set of places of K, and f € ox,s[t] monic of degree d > 5 with discriminant
Ay € ok g Then:

3 .
#{(z,y) s 2,y € ox,5,y° = f(x)}| < 27KI2ACHED . o(q)# IKQHHISH,

This improves bounds of Evertse-Silverman and Bombieri-Gubler from
1986 and 2006, respectively.

The main point underlying our improvement is that, informally speak-
ing, we insist on "executing the descents in the presence of only one root
(and not three) until the last possible moment".

1 Introduction.

The technique introduced in Siegel’s 1926 letter to Mordell [§] to prove the
finiteness of integral points on hyperelliptic curvesﬂ can be summarized as: 2-
descent on the curve, then 3-descent on G,,. From this summary the intuitive
guess for the bound that the argument "should" produce is of course something
of shape grank 3# of prime factors of the discriminant. However a consultation of the
literature yields worse estimatesE]

In this note we rectify the situation.

1By this common and incorrect abbreviation we really mean integral solutions of y% = f(x).
Siegel’s 1926 proof does not control integral solutions of e.g. y3 + -y = 24, or, said another way,
integral points with respect to an effective divisor containing no nonzero divisor symmetric under
the hyperelliptic involution. Baker effectivized Siegel’s 1926 argument and thus gave an effective
finiteness proof in the y? = f(z) cases, but he did not effectivize Siegel’s 1929 finiteness theorem
in the case of hyperelliptic curves.

2To our knowledge the best bounds in the literature are the 2006 estimate of Bombieri-Gubler
[4, Theorem 5.3.5] and the 1986 estimate of Evertse-Silverman [6]. In both bounds the "expected"
2rank factor is replaced by a power of the size of the 2-part of the class group of an extension gotten
by adjoining three Weierstrass points.



Theorem 1.1. Let K/Q be a number field. Let S be a finite set of places of K. Let f €
0k, s[t] be monic of degree d > 5 with discriminant Ay € oj; 5. Let C§ - y* = f(x)
be the Weierstrass model of the hyperelliptic curve C'y corresponding to f. Then:

#\C?H'(OK g)| < grank Jac(Cy)(K) .0(1)d3~([K:@]+#\S|).

Also, for all K-irreducible g; € o g[t) with )", degg; > 3and [], g:|f

#|C?H.(0K,s)| < (H #Cl(ngiﬂs)[2]> .O(l)dB-([K:Q]+#\S\)7

where Ky, := K[t]/(gi) and orc, s = 0K, @oy OK,s-

We include the second statement in case e.g. the product of the linear and
quadratic irreducible factors of f is of degree at least 3.

In the elliptic curve case an even stronger bound is available because one
can execute the whole descent over K (following Mordell) [1ﬂ In the superel-
liptic (y™ = f(z), m > 2) case as usual one does not need to execute a 3-descent
on G,, so the bound also improves.

Let us explain how the argument goes. First, the 2-descent. A la Fermat,
given y? = f(x), adjoin a root p and conclude that z — p is almost a square, say
r—p=a-p2witha,p € K[p] .= K[t]/(f).

Now adjoin three roots. Let L/ K be an extension containing three roots, say
p1, p2, p3. Then, for all K-maps o : K[p] — L, we find z — o(p) = o(a) - 0(B)>.
Thus (obvious notation) p; — p; = a; - 7 — o - 5.

Now pass to L' := L(\/a1, /a2, /az). We obtam the six elements v;; + =
Biy/ai £ Bj\/ay, all divisors of p; — p;. By hypothesis they are therefore all
S’-units, with S’ the set of places of L’ above a place in S.

Now for the 3-descent. We may then write v+ = 8;;+ - €}; 4 with 855+
representatives for oy, ¢, /3. The relation y12 4 — 723+ = 713, becomes the
cubic Thue equation 12+ - (;;j)?’ — (;jg;jf - 1.

We conclude with a bound of Evertse.

As a last remark: note that 252k Jac (C7)(K) j5 < 1 on average (ordering as
usual by height) [3,[7]. This statement is why we tried for the stronger bound
[1] in the elliptic curve case, after which we questioned why a similar bound
did not exist in the hyperelliptic curve case.
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3 Proof of Theorem 1.1l

Proof of Theorem Let g € ox s[t] with g|f be a monic divisor of f with
degg > 3 (for the first part of the theorem we will take g = f). Write f =: gh
with h € ok s[t]. Let L/K be an extension of minimal degree containing at
least three roots of g.

Factorize g =: ][], ¢; into K-irreducible factors g; € ox g[t]. Note that
(9i,9;) = (1) for each i # j because Ay € oy o Thus K, ~ P, K,,, with
Ky, = Klt]/(g:) and K, := K[t]/(g). We will repeatedly write ok, s etc. for
the evident localizations, e.g. o K,,,S = 0K, Qo 0k,g. Write p for the image
of tin K,, = K[t]/(g:)- ' ’

By the Chebotarev density theorem (and its explicit error term) applied to
the Hilbert class field of K,, each ideal class of K, contains a prime of norm
< |Ak, M. (We will only use existence.) Let then P() be a minimal set of

prime representatives of Cl(ok, s)[2] in K, of norm < [Ag, |0,

Now let us begin the argument. For (z,y) € C3"(0k s), (y)* = (z — pD) -
( 9:(x) ) [1,2i(gj(2)) - (h(x)) as ideals in o, 5. Without loss of generality

z—p(®

f(z) # 0. Since A; € 0;(7 g it follows that there is an ideal a; C o Ky,,,S with
(z — p) = a2. Thus there is a p; € P with p; = a; modulo principal ideals
of K,,. Hence a; is principal in o K,,,SU{p:} (obvious meaning).

Let a; € og, suip;} be such that a; = (;) as ideals of Or, Su{p;}- Thus
z—p) =a?- (e Uﬁgi,Su{pi})' where (€ Uégi,SU{m}) denotes an element of the
(S U {p;})-units of K,,.

Let U® be a minimal set of representatives of 0;(0,; SULpi) /2 (that is, modulo
squares). It follows that there are v; € U and u(® € a;(gﬂ SU{p,) Such that

z—pW =, (a; - uD)2 Letn; == o - u®. Thus 2 — p¥) = ~; - n2.

Therefore we find that, for each K-embedding o : K,, — L, we have x —
a(p) = o(vi) - o (m)*.

By definition of L, for each 1 < k£ < 3 there is an i, and a K-embedding
T« Kg, = L such that the corresponding roots 71 (p{"*)) are pairwise distinct.
Let then:

R = Tk(p(ik))u
Ak = TE(Viy )
k= T (i, )-

Hence x — k, = A - 12 as elements of L. Hence for k # ¢ we find that k, — ki, =
N+ 12— Ao - 3.

We are done with the 2-descent on C;. Now it is time for the 3-descent on
Gm. Let Lkg = L (m, \//\75) Thus (1) = (Hg — Hk) = (\/ﬁuk — \/)\7#@) .
(V Ntk + v Aepe) asideals of o1, sugpy,p.} (Obvious meaning), the first equal-
ity following from Ay € o .



Let Vi, be a minimal set of representatives of ozu SU{prpe} /3 (that is, mod-
ulo cubes). It follows that there are vie 4+ € Vig, Cre,+ € ozw SU{pr.pe} for which

vV )\kuk + vV /\glug = Vke,+ - <I:<3:€,:t' Hence:

0= (VA1 £ vV Aop2) F (VA2pz £ v Asps) — (VA — v Asps)

3 3 3
= V12,+ " (o4 F V23,4  Co3.+ — V13,— " (i3,

3 3
. vig,+ [ Ci2,+ vos,+ [ Q23,4 _
We may of course rearrange this as TP (4137_ ) F e (4‘13,— ) =1.

Now for Evertse’sbound. Let Fiu (X,Y) 1= 25 X35 2223 c 0 [X, Y],
with L1o3 := L(v/ A1,V A2, vV A3). Then Fy is a cubic form with nonzero discrim-
inant. Moreover if F.L(X,Y) = Fy(tX,tY) = 1 then t3 = 1. Therefore by [5]
the number of solutions of I (X,Y) = 1 with (X,Y) € o0r,,, sU{p:,ps,ps} 1S
< O(1) QU+ [LK]#]S]

We are done with the argument. Now let us examine the tally. Let us first
Ci2,+ C23,i)

C13,— 7 C13,—

up to O(1) many possibilities. To see this first multiply the two X -coordinates
together to form % Note that:

13,—

Vlg 4 V12, - Gla g - Clam = (VA1 + VAapa) - (VA — V Aapa)

= A — Aapti

show that our original point (z, y) can be recovered from the pairs (

= Ko — Ki.-
Thus it follows that (7, | - (¥, = 712 oo Hence the cube of the product
of the two X-coordinates is ¢ 1*3(:’7 . (%) . We note that the term in paren-

theses is fixed (in terms of our choices up til now). Thus we may recover ¢ {"3’7,
and hence (33— up to at most six choices. Having done so we return to the
X-coordinates of both solutions and recover (i3 + and ¢i2,—. Then the equality

2v/ M = (VA + Vzpe) + (VA — VAsps)

= (V12,4 - (o) + (v12,— - ¢y )

implies that we can recover 2v/A; yi1. Squaring this we find that we can recover
4\ p? = 4(x — Kk1). Since k1 is fixed we can recover z, and then there are at
most two choices for y given z, so we can indeed recover the point up to O(1)
many choices.

So we see that a point (z,y) € C}H' (0K ) is determined up to O(d?) (arising
from the choice of three roots in L) many choices by the data

(11, P2, 93,715 72, V3, V12,45 V12, — V23 +, V23, —, U31,7)-

The number of choices for each p; is #|P(?)| = #|Cl(ok,, 5)[2]|- The number of
choices for each v; € U® is #|U )| « 2dee 9 (#ISI+K:Q) by Dirichlet. Similarly



the number of choices for each vy + € Vi is #|Vie| < 34 IEQHELK]#IS| - Of
course [L : K| < d5.

Therefore the total number of tuples (p1, P2, P3, 71,72, V3, V12,4, V12,—, V23 +, U23,—, U31,— )
is

< (H #|Cl(°f<gi,s)[2]l> LO(1)F KQUF#1S])

We are done with the second part of the theorem.

So take g = f, and let us count the ideal classes of P, o K,y,,8 = 0K, .S that
could possibly arise in the 2-descent step (we have bounded said count by
<L #IC(ok,, 5)[2]| and we claim it is also < 2r2nkJac (CK) . O (1)4),

Let J; := JacCy. Let W C C;(Q) be the set of Weierstrass points of
C;. Let co € W be a point at infinity. We embed C; — J; = Pic’(Cy)

via P +— P — oco. Thus as Gal(Q/K)-modules J;[2] ~ Fo[W — {oc}]/Fs -
(Z PeW —{oo} P). In other words, Ind? Fy ~ Fo@J¢[2], where we have written

IndX’ (o) := @, Ind " (¢). Thus H'(K;,Fy) ~ H'(K,Ind &' Fy) ~ H'(K,F5)®
H'(K, J;[2]), where the first isomorphism follows by Shapiro’s lemma (and
H'(Kf,e) := @, H'(K,,,e)). By Kummer it follows that H' (K, J¢[2]) =~ (K /2)xm=0

Thus by taking invariants of 0 — J¢[2] — J; — J; — 0 we obtain J;(K)/2 —
HY(K, Js[2]) ~ (K /2)Nm=0. Write G C H'(K, J¢[2]) for the image of this
map. Note that the restriction of this map to C';(K)—W is simply (z,y) — z—p,
so similarly write G’ C G for the image of C?ff'(o K.s)— W.

We have already seen thateach g € G' C G — (K fx /2)Nm=0 gives rise
to a class represented by an a € K} for which v,(a) is even for all primes
p C ok,,s (because Ay € oy o). From such a class we may produce an element
of Cl(ok,,s)[2] via o — a such that (o) = a? as ideals of o, 5.

The corresponding map C¥"(0x 5) — W — Cl(ok, s)[2] is precisely (up
to our choice of representatives) our map (z,y) — (p;);. It therefore suffices
to show that #|G’| < 2k (K) . O(1)?. However #|G| = #|(J¢[2])(K)] -
grank J¢(K) and G C G. O
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